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1. Introduction 

The G2-manifolds may be defined as 7-dimensional real manifolds en- 
dowed with a positive 3-form which induces a G2-structure, and hence a 
Riemannian metric, and is parallel with respect to this metric (see §2 for 
details and further references). The holonomy of the metric on G2-manifold 
reduces to a subgroup of the exceptional Lie group G2. Joyce [Jol, Jo2] con- 
structed the first examples of compact irreducible G2-manifolds (i.e. with ho- 
lonomy exactly G2) by resolving singularities of the quotient of flat 7-torus 
by appropriately chosen finite group. Later a different type of construc- 
tion of irreducible G2-manifolds was developed in [Ko], using a general- 
ized connected sum. The latter method requires a pair of compact Kahler 
complex threefolds VFi, W2 with anticanonical K2> divisors satisfying a cer- 
tain 'matching condition'. Examples of G2-manifolds given in [Ko] were 
constructed from pairs of smooth Fano threefolds, say Vi, V2, by choosing 
K2> surfaces 5^ G | — Kvi\ and blowing up each Vi along a smooth curve 

C^^\-Kv^S^. 

In this paper, we apply the theory of K'i surfaces with non-symplectic 
involution [Nil, Ni2, Ni3] to give another suitable class of threefolds these 
are not obtainable by blowing up Fano threefolds along curves as above. 
Using the connected sum method we construct hundreds of new topological 
types of compact 7-manifolds with holonomy G2 , not homeomorphic to those 
published in [Jo2] or [Ko]. The bounds on Betti numbers attained by our 
examples are < 6^ < 24, 35 < 6^ < 239. Most (but not all) of the G2- 
manifolds constructed by Joyce in [Jol, Figure 12.3] satisfy 6^ -|- 6^ = 3 
mod 4. This property does not hold for many of our examples. 

It is an interesting problem to find further classes of threefolds W suit- 
able for application of the connected sum method [Ko].This is essentially a 
problem in algebraic geometry, as can be seen from Proposition 2.2. One 
such class of threefolds arises as a direct generalization of [Ko, §6] by blow- 
ing up an appropriately chosen finite sequence of curves, rather than one 
curve, in a Fano threefold (Example 2.7). A full classification of appro- 
priate sequences of curves extending the classification of non-singular Fano 
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threefolds [Is, MMl, MM2] is a separate issue to be dealt with elsewhere. 
More generally, a promising strategy is to start with threefolds of negative 
Kodaira dimension with vanishing cohomology of their structure sheaves 
{H'^{0^) = for < i < 3) and consider their birational transformations 
which have smooth anticanonical divisors. We also note that Corti, Haskins 
and Pacini [CHP] found suitable examples of W using weakly Fano three- 
folds. 

This paper is organized as follows. We begin in §2 by giving a brief in- 
troduction to the Riemannian holonomy G2 and a review of the conditions 
on a pair of complex threefolds Wi , W2 and their anticanonical K3 divisors 
Di,D2 required for the connected sum construction. The section also in- 
cludes new remarks and observations. In §3 we recall some results about K3 
surfaces with non-symplectic involution. These are applied in §4 where a 
class of threefolds W is constructed. We then apply in §5 and §6 the method 
of [Ko] and show that, under rather general conditions, the latter threefolds 
and the blow-ups of Fano threefolds form pairs suitable for application of the 
connected sum construction and discuss the resulting examples of compact 
manifolds with holonomy G2. 

2. The connected sum construction of compact irreducible 

g2-manif0lds 

For a detailed introduction to G2-structurcs sec [Jo2]. A G2-structure on 
a 7-manifold M may be given by a real differential 3- form ip G Q,^[M) such 
that at every point of M is isomorphic to 

on Euclidean M7 with standard coordinates Xk, where dxijk = dxiAdxjAdxk- 
The stabilizer of (po in the action of GL{7,M) is the exceptional Lie group 
G2 and ip is sometimes called a G2-form on M. As G2 C SO {7) every 
G2-structure on M determines an orientation, Riemannian metric g{(p) and 
Hodge star 

If a G2-form ip satisfies 

dip = and d*ip(p = 0, (2.1) 

then the holonomy of the metric g{ip) is contained in G2 [Sa, Lemma 11.5] 
and {AI,(p) is called a G2-manifold. If AI is compact and its fundamental 
group is finite, then the holonomy representation of g{'p) is irreducible and 
the holonomy group of g{ip) is exactly G2 [Jol, Propn. 10.2.2]. 

In this section, we give a short summary of the connected sum method 
in [Ko] of constructing solutions to (2.1) and further discuss the class of 
complex threefolds required for this method, as well as some topology of the 
resulting G2-manifolds. 

A key ingredient in the connected sum construction of irreducible 
G2-nianifolds is the following result producing asymptotically cylindrical 
Calabi-Yau threefolds. 



K3 SURFACES AND G2-MANIFOLDS 



3 



Theorem 2.1 ([Ko, §§2,3]). Let W be a compact Kdhler threefold with 
Kdhler form oj^ and suppose that D E \ — is a K3 surface in the 

anticanonical class, such that the normal bundle Nj^jy^ is holomorphically 

trivial. Suppose further that W is simply- connected and the fundamental 
group ofW = W — D is finite. 

Then W admits a complete Ricci-flat Kdhler metric with holonomy SU{3) 
and a nowhere-vanishing holomorphic {3,0)-form. These are exponentially 
asymptotic to the product cylindrical Ricci-flat Kdhler structure on Di x 

X M>o with Kdhler form kj -\- dt /\ dO and non-vanishing holomorphic 
(3,0)-/orm {kj + V^kk) A (dt + ^/^d6). Here z = exp(-t - V^O) 
extends over D to give a holomorphic local coordinate on W vanishing to 
order one precisely on D and kj is the Ricci-flat Kdhler metric on D in the 
class [co^\d] and kj + \/—\kk is a non-vanishing holomorphic {2,0)-form 
on D. 

The next result wiU be needed in §4 and can be of independent interest. 

Proposition 2.2. Every threefold W satisfying the hypotheses of Theo- 
rem 2.1 admits no non-zero holomorphic forms, h^'^iW) = h?'^(W) = 
h^^^(W) = 0. In particular, W is necessarily projective-algebraic. 

Proof. The vanishing of h^'^ is clear as W is simply-conncctcd and Kahler. 
Since the anticanonical bundle of W admits holomorphic sections (other 
than the zero section) but K^r is not holomorphically trivial, we must have 
^3,0 _ Q Using the vanishing of h^l,0 and /i^''^ and taking the cohomology 
of the structure sheaf sequence for D CW, 

0^O^iK^)^O^^OD^0, 

we obtain an exact sequence 

^ H\0^) ^ H'{Od) ^ H^{0^{K^)) ^ 0, 

where we also noted that ii"^ (0|^(i%) ) ~ H'^{0^) = by Serre du- 
ality. Similarly, dim {Ojy{Kj^)) = 1, so we must have H'^'^{W) = 
H'^iO^) = 0. The last claim follows by Kodaira's embedding theorem. □ 

In what follows, we always assume, as we may, a Ricci-flat Kahler metric 
and a holomorphic (3,0) form on W given by Theorem 2.1 are rescaled so 
that the corresponding triple of 2-forms on a K3 surface D satisfies k| = 

Let {Wi,Di) and (1^25-^2) be two pairs satisfying the assertion of The- 
orem 2.1. The following definition is crucial for the connected sum con- 
struction of compact irreducible G2-manifolds. It relates to some standard 
results about K3 surfaces; an excellent reference is [BHPV, Ch.Vlll]. Our 
notation corresponds to the property that a Ricci-flat Kahler structure on 
a K3 surface D is equivalent to a hyper-Kahler structure: there is a triple 
of complex structures I,J,K = IJ = —JI such that for each of these the 
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respective ki, kj, kk is a Kahler form of a Ricci-flat Kahler metric and the 
two remaining forms span 

Definition 2.3. We say that a pair of Ricci-flat Kahler K3 surfaces 

(Di, k'j, k'j+^/—1k'2^), {D2, k'I, k!j+\J satisfies the matching condition 

if there is an isometry of cohomology lattices h : H'^(D2,Z) — >■ i?^(-Di,Z), 
so that the M-linear extension of h satisfies 

h : [k'}] ^ [k'j], W}]^Wj], [K'i,]^[-K'^]. (2.2) 

A map h satisfying the above condition is in fact a pull-back h = f*, for 
a well-defined isometry of Riemannian 4-manifolds 

/ : Di ^ D2 

satisfying / : [Ko, Proposition 4.20]. 

(The map / is sometimes called a 'hyper-Kahler rotation'; / is not in general 
a holomorphic map with respect to complex structures on Dj induced by 
the embeddings Dj Wj, j = 1, 2.) 

Each of the two 7-manifolds Wj x has an asymptotically cylindrical G2- 
structure cpj = ojjAdOj+imQj satisfying (2.1) induced by the asymptotically 
cylindrical Ricci-flat Kahler structure on Wi. Here 6j denotes the 

standard coordinate on the 5*^ factor. A generalized connected sum of Wi x 
and W2 X 5^ is a compact 7-manifold 

M = {WiX S^)Uf{W2X S^), (2.3) 

defined by truncating the ends of x Wj at t = T + 1 to obtain compact 
manifolds with boundaries and identifying collar neighbourhoods Dj x x 
X [T,T + 1] of the boundaries. This latter identification uses a map F of 
the form 

F : Dix X x[T,T + 1]^ D2X X x[T,T + 1], 

(y, 9i,02, T + t)^ {f{y), T + 1 - t). ^^'"^^ 

with / as defined above. The map F identifies the factor in each x Wj 
with a circle around the divisor D^-j in Ws-j, for j = 1,2, resulting in a 
finite fundamental group of M (more precisely, see (2.8a) below). 

Furthermore, it is possible to smoothly cut off the G2-forms ipj to their 
asymptotic models on Di x 5*^ x S*^ x [T, T + 1] C S'^ x Wj obtaining closed 
G2-forms (pj satisfying 

'^j\DjxS'^xS'^x[T,T+i] = k'i f\ dOj + A dO^-j + k'j^ a dt + dO^^j A dOj A dt. 

It follows from (2.4) that F*ip2 = Vi on the collar neighbourhood and so (f>\ 
and (p2 together give a well-defined 1-parameter family of closed G2-forms 
<p{T) on M. The corresponding metric g{(p{T)) on M then has diameter 
asymptotic to 2T when T ^ 00. The form (p(T) is not co-closed but ||c?*y,(T) 
(/p(T)|| ^ as T ^ 00. For every large T, the form f(T) can be perturbed 
into a solution of (2.1) on M. 



K3 SURFACES AND G2-MANIFOLDS 



5 



Theorem 2.4 ([Ko, §5]). Suppose that each ofWi,Di and W2,D2 satisfies 
the hypotheses of Theorem 2. 1 and the KZ surfaces Dj ^ \ — . | satisfy 

the matching condition. Then the compact 7-manifold Af defined in 2.3 has 
finite fundamental group and admits a G2-structure (p satisfying (2.1), and 
hence a metric g{ip) with holonomy equal to G2. 

We can identify some topological invariants of the G2-manifold M. The 
key to understanding the topology of M is a non-trivial identification be- 
tween K3 surfaces Di,D2 and their second cohomology, given by Defini- 
tion 2.3. The following set-up will be used several times in the paper. For 
each j = 1,2, an embedding Dj Wj induces a homomorphism 

Lj : H^{Wj,R) H'^{Dj,R). (2.5) 

Let 

X = ii{H\Wi,R)) n f*i2{H\W2,R), 

and denote 

dj = d{Wj) = dim.kerLj, n = dim.X. (2-6) 

The restriction of the intersection form on i7^(Di,M) to li{H'^{Wi,R)) is 
non-degenerate with positive index 1 because Wi is Kahler, h'^'^{Wi) = 
and H^'^{Di)r]H^{Di,M.) is non-degenerate has positive index 1. Similarly, 
considering a subspacc i2{H'^{W2,R) in H'^{D2,R) and noting that f* = h: 
H'^{D2,M.) — > -ff^(Z)i,M) preserves the intersection form, we find that the 
induced form on f*i2{H^{W2,M.) is non-degenerate with positive index 1. 

A class in i2{H'^{W2,'R) with positive square is obtained by restricting 
a Kahler form on W2', in the notation of Theorem 2.1 and Definition 2.3 
this class may be taken to be Kj. By (2.2), f*{n'j) = kj is orthogonal to 
ii"^'^(Z)i), thus orthogonal to X. Similarly, k'j G LiiH"^ {Wi,R)) is orthogo- 
nal to X. Therefore, X is negative-definite and there are uniquely defined 
subspaces Xj so that 

ii(i?2(W^i,R)) =X®Xi and f* L2{H'^{W2,R) = X ® X2 (2.7) 

are orthogonal direct sum decompositions, with respect to the intersection 
form on D\. 

Theorem 2.5. Let Wj,Dj and M be as in Theorem 2.4 with dj,n,Xj as 
defined in (2.6) and (2.7). Then 

7ri(M) = TTi{Wi) X 7ri(W2), (2.8a) 
b^iM) =n + di + d2. (2.8b) 

Suppose further that b^{Wi)—di+b^{W2)—d2 < 22 and that Xi is orthogonal 
to X2 with respect to the intersection form on {Di , M) . Then 



b^{M) = b^{Wi) + b^{W2) + b^iM) -2n + 23. 



(2.8c) 
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Proof. This is a direct generalization of [Ko, Theorems 4.28 and 8.57] and is 
proved by the same arguments based on appHcation of van Kampen theorem 
and Mayer- Vietoris exact sequences. The only difference is that the com- 
putation of Betti numbers in op.cit. are carried out for a class of threefolds 
Wj {j = 1,2) satisfying d{Wj) = 0, but in general d{Wj) need not vanish. 

As the normal bundle of Dj is trivial, Dj has a tubular neighbourhood 
Uj in Wj so that Uj C Wj is homotopy equivalent to D x S^. The Mayer- 
Vietoris for 

Wj = W, U U, (2.9) 

combined with the Kiinneth formula for D x and the known topological 
invariants of a K3 surface Dj yields 

62 (Wj ) = b^{Wj) + l and {Wj) = {W j) + 22 - b'^ {Wj) + dj . (2.10) 

Here we also used the exact sequence for the absolute H*{Wj) and relative 
de Rham cohomology H*{Wj) to obtain b'^{Wj) = bl{Wj) = 1 + dj. 

The computation of b^{M) is straightforward from the Mayer- Vietoris 
for (2.3). In order to find b^{M) we shall determine the dimension of the 
kernel of 

Tj + 63- j : H^{Wj,R) e H^{W3-j,R) ^ H^{Dj,R), 

where Lj : H'^{Wj,R) H'^{Dj,R) denotes the pull-back via the inclusion 
Dj C Wj and r : H^{Wj,R) H^{Dj,R) is a composition of a similar 
pull-back and the natural isomorphism {Dj x S^,R) = {Dj , R) . From 
the Mayer-Vietoris for (2.9) we find dimkerrj = b^{Wj). 

Lemma 2.6. For each j = 1, 2, there is an orthogonal direct sum decompo- 
sition 

H'^ {Dj , R) = tj {H^ {Wj,R))® Tj {H^ {Wj , R) ) 
with respect to the intersection form on H'^{Dj,R). 

Assume Lemma 2.6 for the moment and then Xj, for each j, must be 
a subspace of the image of T^^j, as X^^j is orthogonal to X © Xj by the 
hypothesis. It follows that rk(Tj- -|- Ls-j) = n + ikrj = n + b^{Wj) — b^{Wj) 
using once again the Mayer-Vietoris for (2.9). Now (2.8c) follows by rank- 
nullity for Tj + L^-j , the Kiinneth formula for Wj x and the exactness of 
the Mayer-Vietoris for (2.3). 

To prove Lemma 2.6 we use the exactness of the sequence for Hl{Wj,R) 
and H*{Wj,R) in the term H^{Dj x 5\M) and the Poincare duality. The 
class [bj] G H'^{Dj,R) is in the image of if and only if [wAwAd^j Ad/9(t)] = 
in H^{Wj) ^ M, for every class [w] G H'^{Wj,R). Here p{t) denotes a 
cut-off function of the cylindrical end coordinate t on Wj (as defined in 
Theorem 2.1) and. as before, 6j is a standard coordinate on S^. 

The class [oj Alo AdOj Adp{t)] is trivial in H^{Wj) if and only if [(Z) Aoj] = 
in H'^{Dj,R) (here we used H^{W,R) = 0). This completes the proof of 
Lemma 2.6 and Theorem 2.5. □ 
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Suitable examples of W are found in [Ko, §6] by starting with a Fano 
threefold V with S a smooth anticanonical divisor on V (then S must be 
a K3 surface). Suppose that C G | — -fCylsl is a connected smooth curve. 
Blowing up V along C, defines a threefold W with D C W the proper 
transform of S, so that W and D satisfy the hypotheses of Theorem 2.1. 
Then d{W) = holds by Lcfschctz hypcrplane theorem. 

One instance of non- vanishing d{W) arises via the following generalization 
of [Ko, §6]. Rather than blowing up along one curve C, we now blow up W 
along a finite sequence of curves. Suppose that there is a divisor 

C = Ci + ... + Cm&\- Kv\s\ 

, where all the curves Cj's are distinct, connected and smooth. First blow 

up ci and in the resulting threefold consider the proper transforms of the 
other curves, still denoted by C2, Cm- Then blow up C2, taking the further 
proper transform of C3, . . . , Cm, and proceed recursively in this way until Cm- 
Denote by W the result of this sequence of m blow-ups and let D C W be, 
respectively, the proper transform of S. Then it is not difficult to check that 
W and D satisfy the hypotheses of Theorem 2.1. Furthermore, 

d{W) = m - rk(ci, • • • ,c„), 

where we consider (ci, • • • ,Cm) as a sublattice of Pic(5). Thus d{W) > 
whenever ci, • • • ,Cm are R-linearly dependent in Pic(S') (g) R. 

Example 2.7. Let V = CP^. Then S can be taken to be any quartic KS 

surface. Let c = hi + ■ ■ ■ + h^, where /ij's are distinct smooth hypcrplane 
sections of S. We can construct a threefold W as above; in this example 
m = 4 and d{W) = 3. We shall return to this example in §6.2. 

3. NON-SYMPLECTIC INVOLUTIONS ON K3 SURFACES 

A holoniorphic involution p of a K3 surface S is called non-symplectic 
when p*{uj) = —oj for each uj G H^'^{S). Non-symplectic involutions of K3 
surfaces were studied and completely classified by V.V. Nikulin ([Nil, Ni2, 
Ni3], see also [AN, §6.3]). We recall, in summary, some results that will be 
needed in this paper. The material of this section uses some lattice theory; 
the reader is referred to [BHPV, § 1.2] for the background concepts. 

Every K3 surface S admitting a non-symplectic involution p is necessarily 
algebraic. Denote by the set of all classes in H'^{S,'L) fixed by p. It is 
clear that L'^ is a sublattice of H'^{S,Ij) and furthermore, since /l2.0(5) = 1, 
it follows that is a sublattice of the Picard lattice of S. 

It will sometimes be convenient to identify H'^{S,Z,) with L = 2{—E^) © 
3H, where Es is the unique (up to isomorphism) even, unimodular and 
positive definite lattice of rank 8 and H = ( 5 q ) ^he hyperbolic plane 
lattice. We shall refer to L as the K3 lattice. We shall interchangeably 
think of p* as an involution of L and L^' as a sublattice of L. The L'^ is 
called the invariant lattice and is a primitive non-degenerate sublattice of L 
with signature (l,t-). Let r = 1 + t- denote its rank. 
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Recall that for any non-degenerate lattice, N say, the dual lattice N* = 
Homz(A?^, Z) naturally contains A?^ as a sublattice, via the inclusion map 
x G iV —>■(•, x) G AT*. The quotient group N*/N is called the discriminant 
group. 

In the case when N = Lf is & sublattice of a unimodular lattice, the dis- 
criminant group LP* /LP is necessarily 2-elementary, that is L^* /L^ ~ (^2)"- 
The non-negative integer a is another important invariant of L^. 

Conversely, if iV is a lattice with signature primitively embedded 

in the K3 lattice L and such that N* /N is 2-elementary, then there is an 
involution p^v on L with the invariant lattice precisely N (so pjv acts as — 1 
on N^). The orthogonal complement of iV in L cannot contain elements 
X with = —2 and the R-linear extension of N-^ in L(8)R contains a positive 
2-plane. Therefore, by the global Torelli theorem and the STirjcctivity of the 
period map for K3 surfaces the involution /Jjv is induced by a well-defined 
non-symplectic involution of a (non-singular) K3 surface S via a suitable 
identification H^{S,Z) L. 

Finally, define 



The triple (r, a, S) is the complete list of invariants which determine the 
involution p* and L^ uniquely up to automorphisms of L. We shall denote 
by L{r,a,S) the isomorphism class of an invariant lattice determined by 

{r,a,6). 

All the triples {r,a,5) that occur for some L^ were classified in [Nil]. 
There are 75 possibilities; the range of values is 1 < r < 20 and < a < 11. 
We note for later use that all the possible triples satisfy 



For any lattice A'^, it will be convenient to consider, following [Do2], the 
concept of ample N-polarized K3 surface defined by the conditions that 
its Picard lattice contains a sublattice isomorphic to A^ and this sublattice 
contains an ample class. (This may be thought of as a refinement of the class 
of algebraic K3 surfaces of degree 2n — 2 (n > 2) in CP". The latter class 
then corresponds to the special case when A^ is generated by one element 
of positive square 2n — 2.) Now suppose 5 is a K3 surface with a non- 
symplectic involution p and the invariant lattice isomorphic to L{r,a,S). If 
h is an integral ample class on S, then h+p*{h) is also ample and is invariant 
under p* . Thus h + p*{h) is in L(r, a, 6) and S is ample L(r, a, (5) -polarized. 

Denote by ,J^3{r, a, 5) := ^3 i(^^ a,5) moduli space of L{r, a, 5) lattice 
polarized K3 surfaces and by rJ^3'{r,a,S) a subspace of ,J^3{r,a,S), whose 
elements are K3 surfaces with non-symplectic involution with the invariant 
lattice isomorphic to L(r, a, S). 

Proposition 3.1 ([AN], §6.3). 

(a) J^3'{r,a,d) is connected and Zariski open in Jf3{r,a,8). 




if G Z for each t G LP* 

1 otherwise. 



r - a > 0. 



(3.1) 
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(6) For {S,p) G Jf3'{r,a,6), the fixed locus of p is 

• SP = ^ if (r, a, 5) = (10, 10, 0); 

• S'^ is a disjoint union of two elliptic curves if{r, a, 6) = (10, 8, 0); 

• otherwise 

S'^ = Cg + ei + ■ ■ ■ + Ck, all disjoint, 
where g = ^^~2^~" , k = Cg is a curve of genus g and Ci ~ 

Remark. It is also shown in [AN] that 6 is zero if and only if the fixed locus 
of p on 5 represents a class divisible by 2 in {S, Z) . 

4. Threefolds W from non-symplectic involutions 

Let ip : CP^ — > CP^ be any holomorphic involution fixing two distinct 
points and define Z = {S x CP^)/{p,ip). Then the singular locus of Z is 
a product of smooth curves and ordinary double points, resulting from the 
fixed locus of p. Let W ^ Z he the blow-up along the singular locus of Z. It 
is elementary to check that W is smooth. Choose a point p G CP^ such that 
p^il){p). Let D' be the image of 5 x {p} in Z and D be the inverse image 
of D' in W . Then D is isomorphic to S and it is an anticanonical divisor of 
W with the normal bundle iV^^pp holomorphically trivial. One can obtain 

W differently. Let gi, q2 be the fixed points of ■(/;, = ci + ■ ■ ■ + ci and Qij 
be Ci X {qj} <Z S X CP^. Let W be the blow-up of 5 x CP-*^ along the curves 
Qij's. Then the involution on 5 x CP^ induces an involution on W, whose 
fixed locus are the exceptional divisors over Qij. The quotient of W by the 
involution is isomorphic to W . This may be summarized by 

W > W 



S X CPi > Z 

which is a familiar resolution of singularities diagram (for Z). 

It follows from Lemma 3.1(a) that for any fixed (r, a, 5) the threefolds 
W constructed from S G J^3'{r, a, 6) are deformations of each other. The 
following fact will be used later: 

Proposition 4.1. Suppose that n G L{r,a,d) ® M C H'^{D,R) is an ample 
class. Then k is a restriction of a Kdhler class in iJ^(VF,R). 

Proof. Let Ei, - ■ ■ ,Er be the exceptional divisors of the blow-up g : W —>■ 
D X CP^ Then g*{K, Ocpi (1)) - e(^i + • • ■ + -E^) is a Kahler class of W for 
sufficiently small positive e. Since this class is invariant under the induced 
involution on W, there is a Kahler class k G H'^(W,M.) whose pullback via 

the quotient map W ^ W is g*{K, O^pi (1)) - s{Ei H h Er). Clearly the 

restriction of k to D is k. □ 
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Our next lemma ensures that Theorem 2.1 can be applied to W and D 
defined above. 

Lemma 4.2. W and W := W — D are simply connected if p is not fixed- 
point-free, i.e. if (r, a, S) ^ (10, 10, 0). 

Proof. Let W ^ W he the universal covering. The threefold W is simply- 
connected, therefore the quotient map W ^ W lifts to a holomorphic map 
W —>■ W so there is a commutative diagram: 




If p has a fixed point, then W ^ W cannot be a map of degree one, so it is 
a map of degree two. Then — > is of degree one and W is necessarily 
isomorphic to W, thus W is simply-connected. 

There is a natural projection: (S x CP^)/{p,tp) S/p. Let v be the 
composition oiW Z and {S xCP^)/{p,ijj) —>■ S/p. Let x G 5/p be a point 
in the branch locus of the map S ^ S/p. Then i^^^(x) is a union of three 
smooth rational curves, one of which (denoted by I) crosses D transversely 
at a single point and the other two are disjoint from D, resulting from the 
blow-up . Since W and D are simply connected, 7ri(VF) is generated by a 
loop around D. We can assume that the loop is contained in I* = I — D. 
Since the loop can be contracted to a point ml*,W is simply-connected. □ 

Since we are only interested in the case that W is simply connected, we 
will assume that (r, a, 5) ^ (10, 10, 0) in the rest of this paper. 

We require Bctti numbers of W for application of Theorem 2.5 later. In 
light of Proposition 2.2 it suffices to find /i^'^ and /i^'^. Let X — >■ X be 
the blow-up of smooth variety along a smooth subvariety Z. The following 
formula for the topological Euler numbers is well-known: 

e{X) = e{X)^e(E)-e{Z), (4.1) 

where E is the exceptional divisor. Let X he & double covering over 

smooth variety y, branched along smooth subvariety B. The following 
formula is also well-known: 

e{X) = 2e{Y) - e{B). (4.2) 

Proposition 4.3. A threefold W constructed from a surface in J^3'{r, a, 6), 

(r, a, (5) 7^ (10,10,0), as defined above, satisfies: 

(a) /ii'i(TF) = b^{W) = 3 + 2r-a andh^'^{W) = ^b^iW) = 22-r-a. 
{b) rk L = r, where i : H'^{W,'K) — > H'^{D,'K) is the restriction map 
(cf (2.5);. 
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Proof. (a) The Hodge number h^'^{W) can be obtained by counting the 
number of independent classes in H^'^(W) that are invariant under 
the involution. Let = ci + ■ ■ ■ + q. We have, by standard results 

about blow-ups (e.g. [GH, p.605]), 

H^{W, C) ^H^{Sx CP\C) e C^^ = H^{S, C) © c © C^', 

using also the Kiinncth formula. The last two terms correspond to 
H^'^{CP^) and the exceptional divisors; all of these classes are fixed 
by the involution. By the hypothesis, exactly r independent classes 
in H^'^{S) are invariant under the involution, so we obtain 

h^'^{W) =r + l + 2l. 

By Equation (4.1)), the topological Euler number of W is 

e(W) = 24-2 + 2^e(Q) 

i 

On the other hand, we have 

2e{W)-Y,e{Qij) = e(W) 

by Equation (4.2). So we have 



<W) = \(^e{Qi,) + e{W)j 
= 2^e(c,) + 24 + ^e(c, 

i i 

= 24 + 3^e(ci). 



Finally we have 

h^^^{W) = 1 + h^'\W) - ^e(W) = -10 + r + 2/ - ^ ^ e{ci). 

i 

{b) Since h'^^^{W) = 0, we have_rk{H^{W,R) H^{D,R)) = rkc g, 
where we denoted by g : H^'^{W) H^^^{D) the restriction map. As 
seen in the proof of (a), H^'^{W) = A®€}+'^\ where A ^ L{r,a,5)® 
C corresponds to the classes invariant under the involution. It is easy 
to see that dim^(^) = r and ^(C^"*"^^) = 0. Thus dimim^ = r as 
required. 

□ 

As a corollary we also compute the quantity defined in Theorem 2.5 
d(W) = dimker(ij2(T^,R) ^ H"^ {D - I 

= dimker(ij2(W',R) ^ij2(£),M)) = 2 + r-a ^^'^"^ 
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In particular, the kernel of H^(W,Z) — > H'^{D,'L) contains the classes cor- 
responding to exceptional divisors of the blow-up W ^ Z. 

We find, taking account of (3.1), that the threefolds W constructed in 
this section have d{W) > 2. In light of the remark at the end of §2, these 
threefolds are not homeomorphic to any threefold obtainable by blowing up a 
curve in a Fano threefold as in [Ko, §6]. They also cannot be homeomorphic 
to the threefold in the Example 2.7 as the latter has d = 3 but according to 
the classification of K3 surfaces with non-symplectic involution 2 + r — a is 
always even. 



5. Compact irreducible G2-manifolds 

For each K3 surface S with non-symplectic involution having fixed points, 
we constructed in the previous section a threefold W with D e \ — if^l bi- 
holomorphic to S and such that the normal bundle of D is holomorphically 
trivial. For a fixed isomorphism class of invariant lattice L{r,a,6), the re- 
sulting pairs {W, D) are deformations of each other. In particular, it follows 
from the construction and Proposition 3.1(a) that the isomorphism classes 
of K3 surfaces D arising in these pairs form a connected dense open subset 
,J^3'{L{r,a,S)) C ,J^3{L{r,a,6)) of the space of ample L(r, a, (^)-polarized 
K3 surfaces. For brevity, we shall sometimes refer to such (W, D) as a pair 
of non-symplectic type. 

By Lemma 4.2 both W and W are simply-connected and by Proposi- 
tion 4.1 there exists a Kahler form lo^ on W such that [k/] = [ti^-jy^lD] in 
i?2(D,M). Thus Theorem 2.1 applies to give the following. 

Proposition 5.1. Let {W,D) he of non-symplectic type and {r,a,5) 7^ 
(10, 10, 0). Suppose that kj-\-\/—1kk is a non-vanishing holomorphic (2, 0)- 
form on D and is the Kahler form of some Ricci-flat Kahler metric on D. 

Then W = W — D has an asymptotically cylindrical Ricci-flat Kahler 
metric and holomorphic (3,0) -form modelled on the product structure on 
D X X lR>o determined by ki, kj -\- \/—1kk as defined in Theorem 2.1. 

Another class of pairs iyV,D) satisfying the hypotheses of Theorem 2.1 
was given in [Ko, §6]. Recall from §2 that we start with a Fano threefold V 
and consider a K3 divisor 5* G \—Ky \ . Blowing-up a connected smooth curve 
in V representing the sclf-intcrsection cycle S ■ S (multiplication in the Chow 
ring) yields a threefold W and the proper transform D of S, so that the pair 
(W, D) satisfies the hypotheses of Theorem 2.1. By varying V in its algebraic 
family and varying S in the anticanonical class we have an ambiguity to 
choose D in a connected dense open subset J^3'{L{V)) C Jlf3{L{y)) of the 
space of ample L(y)-polarized K3 surfaces [Ko, Theorem 6.45]. Here the 
sublattice 



L{V) = L*v{H\V,Z) C H\D2,Z) 



K3 SURFACES AND G2-MANIFOLDS 



13 



is induced by the embedding Ly '■ D2 ^ V. (The quadratic form of L(V) 
is induced from that of H^{D2,1').) The resulting pairs {W,D) are defor- 
mations of each other. We shall refer to such (W, D) as being of Fano type 
(though W is never a Fano threefold). 

The resulting class of asymptotically cylindrical Calabi-Yau threefolds 
may be described as follows. 

Proposition 5.2 (cf. [Ko, pp. 146-147]). Let {W,D) be of Fano type. Sup- 
pose that Kj + \/—1kk is a non-vanishing holomorphic (2,0) -/otto on D and 
Kj is the Kdhler form of some Ricci-flat Kdhler metric on D. 

Then W = W — D has an asymptotically cylindrical Ricci-flat Kdhler 
metric and holomorphic (3, 0)-/orm modelled on the product structure on 
D X X M>o determined by ki, kj + y/—lKK as defined in Theorem 2.1. 

Remark. For notational convenience, we restrict the term 'Fano type' to 
threefolds obtainable by blow-up of one connected curve. Thus the threefold 
in Example 2.7 is not of Fano type (though it is a very natural generaliza- 
tion); we discuss this threefold separately. 

In the above paragraphs we slighth' al)Tised the notation by writing 
J(f3'{Lj) for both the non-symplcctic and Fano types. However, as we shall 
only be using the property that Jif3'{Lj) is some connected dense open 
subset of J(f3{Lj) this should not cause confusion. 

If by deforming two pairs {Wi,Di), {W2, D2) satisfying Theorem 2.1 and 
rescaling, if necessary, the respective Kahler metrics and holomorphic forms 
we achieve the matching condition for Di and D2 (Definition 2.3), then 
by Theorem 2.4, the connected sum construction described in §2 yields a 
compact Riemannian 7-manifold M with holonomy G2 ■ We shall sometimes 
abbreviate this by saying that a compact (irreducible) G2-manifold M is 
constructed from {Wi,Di) and (^^2,^2) (or simply from Wi and 1^2, the 
existence of appropriate Di and D2 implied). 

Here is the main theorem that will be applied to construct new examples 
of compact 7-manifolds with holonomy G2 in this paper. It is essentially a 
variant of the result proved in [Ko, §6,7]. 

Theorem 5.3. For j = 1,2, let {Wj,Dj) be of Fano type or of non- 
symplectic type as defined above, with Lj the respective sublattice of the 
K3 lattice. In the non-symplectic case we also assume Lj 7^ L(10, 10, 0). 
Suppose further that at least one of the following two conditions holds: 

(a) the lattice Li © L2 can be primitively embedded in 2{—E^) © 2H , or 

\b) max{rkLi,rkL2} < 10. 
Then a compact irreducible G2-manifold can be constructed from {Wi,Di) 
and {W2,D2), in the sense defined above. 

Proof. We claim that the argument in [Ko, pp. 147-152] adapts to the present 
situation to give the proof of Theorem 5.3(b). More explicitly, [Ko, Theo- 
rem 6.44] asserts part (b) of the statement of Theorem 5.3 in the case when 
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both Wi and W2 are of Fano type. Indeed, every Fano threefold V satisfies 
6^(F) < 10 and it is shown in [Ko, p. 154] that the corresponding quasipro- 
jective threefold W = W — D of Fano type has b'^{W) = b'^{V). Therefore, 
rkLj < 10. The argument of [Ko, Theorem 6.44] is carried out in such a 
way that it only uses only this latter upper bound on the rank and signa- 
ture of the sublattice Lj C L and the result that, for (Wj, Dj) of Fano type, 
J^3'{Lj) is connected dense open subset of J(f3{Lj). As we already noted 
above, the latter property also holds when iWj,Dj) is of non-symplectic 
type. 

Note also that for the same reason the argument in [Ko] remains valid for 
the Fano threefold discovered in [MM2] and not appearing in the previously 
known classification in [IP]. 

We include a summary of the argument for part (b) based on [Ko], for the 
readers convenience and because, as we explain below, a simplified version 
of this argument also proves part (a). 

By the hypothesis Theorem 2.1 holds for each {Wj,Dj), therefore, as we 
noted above, it suffices to show that the matching condition for the triples 
of cohomology classes be achieved (here we used (j) to 

denote ' or ") and hence Theorem 2.4 applies. 

We shall need an embedding result of Nikulin [Nil], simplified by Dol- 
gachev ([Dol, Theorems (1.4.6) and (1.4.8)]), which can be stated as follows. 

Theorem 5.4. A primitive embedding of an even non- degenerate lattice N 
of signature (t^.t^) into an even unimodular lattice E of signature (1^,1^) 
exists provided < t_ < I- and 1{N) + rk < rk£^, where 1{N) is the 
minimum number of generators of the discriminant group N* /N. 

If 1{N) + rkN < rkE — 2, then a primitive embedding N ^ E is unique, 
up to an isometry of E. 

Remark. As ^(A'^) < rkA^ the left-hand sides of the inequalities in Theo- 
rem 5.4 can be weakened to 2 rk N . 

For each of the if 3 surfaces Dj we have a choice a lattice isometry (often 
called a marking) pj : H'^{Dj,Z) L = 2{-Es) 3ii". Clearly, the ambi- 
guity of choosing pj is the group of lattice automorphisms of L. Recall that 
the K2> surfaces Dj are ample Lj-polarizcd: Lj C l* H'^ (W j , Z,) C H'^{Dj,'L) 

consists of (1, l)-classes and [k^P\ G Lj. The restriction oi Pj identifies Lj 
with a sublattice Pj{Lj) of L. In terms of 'abstract' lattices, this defines a 
primitive embedding pj : Lj — > L. (Remember that Lj is considered with 
a bilinear form induced from H'^(Dj,Z,).) Conversely, any two primitive 
embeddings Lj L are related by an automorphism of L by Theorem 5.4 
as 

2ikLj < rkL - 2, 
Thus every primitive embedding Lj L arises from some marking pj. 

Also by Theorem 5.4, Lj, a priori a sublattice of the K3 lattice L, in fact 
admits a primitive embedding into (— 2)£^8 © 2H. 
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The subspace Pj = H'^{Dj,R) n {H'^'^ (B H^''^){Dj) is spanned by and 
(i) 

and is identified viapj with a positive-definite real 2-plane in L(g)M. This 
2-plane is necessarily orthogonal to the sublattice pj{Lj). Conversely, by the 

global Torclli theorem and the surjectivity of the period map for K3 surfaces, 
every positive-definite real 2-plane in L0M. orthogonal to pj(Lj) is the image 
of H^Dj,R) n {H^'^ e H^^'^){Dj), for some ample Lj-polarized K3 surface 
in J^3{Lj). As we noted earlier, the K3 surfaces arising from deformations 
of pairs {Wj,Dj) form a dense open subset J^3'{Lj) C ,J^3{Lj). Thus we 
are free to choose Pj in a dense open subset of the Grassmannian of positive 
2-planes orthogonal to pj{Lj). 

The task of satisfying the matching condition now becomes a problem 
in the arithmetic of the K3 lattice. This problem is solved in [Ko]. More 
exphcitly, let us write L = 2[—E^)®Hi®H2®Hz to distinguish between the 
copies of H in the direct sum. Recall that there exist primitive embeddings 
Pj^Q : Lj {—2)Es®Hj®Hs, j = 1, 2. By applying an isometry of {—2)E8® 

Hj © Hs, we may assume that Pjfiin^P) £ Hj. Note that consequently, 

Pi(Li)±P2(ac/) and p2{L2)^pM). (5.1) 

In particular, pi,o('^/) £ Hi is orthogonal to j)2,o('^/)- 

Suppose that rkLi = rkL2 = 10. Then for each j, the orthogonal com- 
plement Nj of pjfi{Lj) in {—2)Es © Hj © H3 is an indefinite lattice of rank 
10. By application of Meyer's theorem [MH, Ch. 2] to the quadratic form 
of Nj we find that Nj contains a non-zero isotropic primitive element, 
say. Extend cq to a basis of Nj, Co, ei, . . . , eg; this can be done so that the 
sublattice generated by e\, . . . ,e-}^ is indefinite. Then, by Meyer's theorem 
again, this latter sublattice contains an isotropic primitive element, which 
we may take to be e[. It follows, by considering the primitive sublattice of 
Nj generated by eQ,e{, that Nj contains primitive positive vectors whose 
square can be any integer in 26jZ>o, where bj = Cq • e{. Let Vj £ Nj be a 
primitive vector with Vj-Vj = 26162- By applying an isometry of 2{—Eg)®Hs 
we can map Vj to any given primitive vector in having the same square. 
Thus we obtained a positive vector v = vi = V2 which is orthogonal to each 
Pj.oiLj), in particular the sublattice generated bypi^o(-^i) andp2,o(-^2) has 
signature {2,t), t < 18. 

In the case when Lj do not both have rank 10, say rkLi < 9, the above 
property of embeddings pj^ is easier to obtain. By Theorem 5.4, Li has a 
primitive embedding in {—2)Es © Hi and applying an isometry of {—2)Es © 
Hi we can take k'j to be mapped in Hi. Similarly, we can assume that 
the orthogonal complement of L2 in {—2)Es ® H2® H^ contains a positive 
vectors in and choose v to be this positive vector. 

It is shown in [Ko] that, furthermore, a positive vector v orthogonal 
to both pifi{Li) and P2,q{L2) can be chosen so that each positive 2-plane 

spanned by Pji^^) and v defines a K3 surface in J(f3'{Lj) arising from 
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some deformation of {Wj,Dj). Thus we obtain well-defined extensions of 
Pj to R-linear maps pj : {Dj , R) — L (g) R satisfying 

Pi{i^'i) = P2{kj), Pi{k'j) = P2{ki), Pi{k'k) = -P2{kk) = V 

(compare (2.2)), which is the required matching condition between K3 divi- 
sors Di and D2 on some deformations of Wi and W2- 

We now explain the modification of the above argument for the case when 
(a) holds. In this situation, the task is simplified as Li is orthogonal to L2 
by the hypothesis and so (5.1) is automatically true for any choice of the 
embedding of Li © L2 — > {—2)Es + 2H, by taking pj to be the restriction 
to respective Lj. Existence of extensions of pj to well-defined markings of 

(7) 

Dj and the choice of the images of follow as in the above argument 
for (b). □ 

Remarks. The condition (b) in Theorem 5.3 is less restrictive than (a). 
However, the Betti numbers of a G2-manifold obtained via (b) are not 
in general uniquely determined by those of Wi,W2, but also depend on 
the choice of matching (see Theorem 2.5). The first named author's stu- 
dent Dingyu Yang verified a number of examples where different values of 
(6^(M), b^{M)) arise for G2-manifolds M constructed from the same pair of 
threefolds Wj of Fano type. 

When none of the conditions (a),(b) in the above Theorem 5.3 is satisfied, 
it is sometimes still possible to achieve matching pairs Di,D2. One such 
example is identified in [KN], where both (VFj,Dj) are of non-symplectic 
type with invariant lattices Lj = L(10, 8, 0). 

5.1. Examples. We construct examples of compact G2-manifolds and com- 
pute their Betti numbers using Theorem 5.3(a). If (a) holds, then the hy- 
potheses of Theorem 2.5 are satisfied with n = and the formulae for the 
Betti numbers of resulting G2-inanifold become 

b^{M) = di + d2, (5.2a) 

b^{M) = b^{Wi) + b^{W2) + di+d2 + 23. (5.2b) 

If Wj is of Fano type, then dj = by application of Lefschetz hyperplane 
theorem and 

b^{W,) = b'{V,) + {-Kfr^) + 2 (5.3) 

where Vj is the initial Fano threefold (sec [Ko, p. 154]). For Wj of non- 
symplectic type, we computed the quantities dj and b^{Wj) in Proposi- 
tion 4.3. 

The following is a corollary of the embedding Theorem 5.4. 

Proposition 5.5. A primitive embedding of an even non-degenerate lattice 
N of signature (t-|_,t_) into 2{—Es) © 2H exists provided < 18, t_ < 2 
and 1{N) ©rkA'' < 20, where l(N) is the minimum number of generators of 
the discriminant group N*/N. 
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Noting that 
(a) 1{N) < rkiV, 

(6) liNi © N2) = l{Ni) + 1{N2) and 
(c) l{L{r, a, 6)) = a, 

we obtain a sufficient condition for application of Theorem 5.3(a). Taking 
account of Lemma 4.2, Proposition 4.3 and formulae (5.2), we obtain our 
next result. 

Theorem 5.6. The lattice Li L2, defined in Theorem 5.3, can he primi- 
tively embedded in 2{—E^) ® 2H in the following cases (rj = ikLj): 

(a) Wi and W2 are of Fano type, respectively Vi and V2, and 

ri + r2 < 10. 

Then the resulting simply-connected G2-manifold M has 

b^{M) = and h^{M) = b^{Vi) - K^^ + 6=^(^2) - + 27, 

where Vi,V2 are the initial Fano threefolds. 
(6) Wi is of Fano type Vi and W2 is of non-symplectic type {r2, 02,82) 
and 

2ri + rs + 02 < 20. 
Then the resulting simply- connected G2-manifold M has 
h^{M) = 2 + r2-a2 and b^{M) = b^{Vi) - K^^ - r2 - 3a2 + 71. 
(c) VFi,VF2 o-re of non-symplectic types (ri,ai,(5i), (r2,a2,(^2) o,nd 

ri -\- r2 + ai -\- a2 < 20. 
Then the resulting simply- connected G2-manifold M has 
b'^{M) = 4 + ri+r2-ai-a2 andb^{M) = 115 - ri - r2 - 3ai - 3a2. (5.4) 
All of the above G2-manifolds are simply-connected, hence irreducible. 
Remark. The case (a) with ri = 1 is a part of [Ko, Theorem 8.57]. 

The Betti numbers of G2-manifolds given by Theorem 5.6 are readily 

computed from the classification of Fano threefolds in [Is, MMl] (or [IP, 
Chapter 12]) and [MM2] and the classification of K3 surfaces with non- 
symplectic involution in [Nil] or [AN]. These Betti numbers satisfy < 
62(M) < 18 and 61 < b^{M) < 239. The values of b'^{M) are even, as 
all the values of r — a realized by the invariant lattices L(r,a,6) are even. 
The values of b^{M) are odd as also both b^{V) = 2h^''^{V) and —Ky are 
even for each Fano threefold V. This parity of the Betti numbers of M 
is a consequence of the particular way to achieve a matching of the K3 
divisors chosen in Theorem 5.3(a) and does not hold in general for irreducible 
G2-manifolds obtainable by Theorem 2.4. We give examples with other 
parities of ^^(M), 6^(M) in §6. 
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The G2-nianifolds with = given by Theorem 5.6 are precisely those 
coming from clause (a) . The values of for these examples are 

67, 147,151 189,195,197,239, (5.5) 

altogether 64 values. Here and below the dots denote either consecutive odd 
integers or consecutive even integers, according to the context. Many, but 
not all of (5.5) are obtainable from [Ko, Theorem 8.57]; neither overlap with 
[Jol] which only has one example with b^ = (it has b^ = 215). 

The G2-manifolds obtainable via clause (b) have 6^ = 2, 4, . . . , 14 and 
those via clause (c) have 6^ = 4, 6, ...,18. We list all such pairs {b'^,b^) 
in Table 1. Some of these pairs also occur in G2-manifolds constructed by 



Table 1. Betti numbers of G2-manifolds from Theorem 5.6 



62 


number of 
pairs (62, 6^) 


values of 6^ 


2 


44 


61, 131, 
145, 149, 153, 157, 161, 165, 169, 173 


4 


44 


63,. . . , 133, 
147, 151, 155, 159, 163, 167, 171, 175 


6 


35 


65, ... , 123, 
149,153,157,161,165 


8 


32 


67, 121, 
151,155,159,163 


10 


32 


69, ... , 123, 
153, 157, 161, 165 


12 


32 


71, ...,125, 
155, 159, 163, 167 


14 


14 


73, 75, 77, 81, 85, ... , 93, 
97, 101, 105, 115, 157 


16 


4 


91, 95, 99, 103 


18 


1 


93 



Joyce in [Jol], but most of the latter (239 out of 252) satisfy an additional 
relation 62 + 6^ = 3 mod 4. Theorem 5.6 gives many new topological types 
which do not satisfy that relation between Betti numbers. 

Altogether we obtained 8094 pairs {W, D) of threefolds with matching fC3 
divisors and 302 distinct pairs of values of Betti numbers (62, 6^) realized by 
the G2-manifolds from Theorem 5.6. Of these, 256 pairs (62, 6^) are different 
from those of G2-™aiiifolds in [Jo2, Fig. 11.1] (note that the latter Figure 
includes 5 examples from [Ko], also obtainable by Theorems 5.6(a) or 5.3). 
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6. Further examples of compact G2-manifolds 

In this section, we give three more famiUes of examples of G2 -manifolds, 
realizing 77 new values of (6^,6^), obtained by application of Theorem 5.3, 
but not coming from Theorem 5.6. 

6.1. From mirror pairs of K3 surfaces to compact G2-manifoIds. 

We shall assume r + a 7^ 22 and (r, a, 6) 7^ (14, 6, 0) and let Li = L{r, a, 6), 
L2 = L(20 — r, a, 6) throughout this subsection. There are 36 such pairs of 
lattices. These pairs of invariant lattices are called mirror pairs and were 
successfully exploited independently by C. Voisin [Vo] and C. Borcea [Bo] in 
the construction of mirror pairs of Calabi-Yau threefolds. Mirror families 
of K3 surfaces were also studied by Dolgachev [Do2]. 

Borcea and Voisin in particular noticed that there exists an embedding 
of Li,L2 into the K3 lattice L such that Lj- = L^^j ® H for j = 1,2. 
Thus Li © L2 can be embedded in 2(—Es) © 2H which is the condition 
(a) in Theorem 5.3. Therefore, a compact irreducible G2-manifold M can 
be constructed from the respective pair of threefolds Wj of non-symplectic 
types (r, a, 6) and (20 — r, a, 5) and (5.4) applies to give 

62(M) = 24-2a, ^^(M) = 95 - 6a. 

In this way, we obtain 11 distinct pairs of Betti numbers (6^,6^) of G2- 
manifolds: 

(4,35), (6, 41), (8, 47), (10, 53), (12, 59), (14, 65), 

(16, 71), (18, 77), (20, 83), (22, 89), (24, 95), ^ ' 

satisfying a linear relation 

fe3 = 352 23. 

which implies b'^ + = 3 mod 4 satisfied by many G2-manifolds in [Jo2]. 
The last three examples in (6.1) do not appear in the list [Jo2, Fig. 11.1] 
and, to our knowledge, are new. 

6.2. Using the threefold from Example 2.7. Let Wi = W he the ob- 
tained by a consecutive blow-up of four plane quartic curves q in CP'^ as 
defined in Example 2.7. For each blow-up the exceptional divisor E is a fibre 
bundle over a curve of genus 3 with fibre CP^. Applying standard theory 
(e.g. [GH, p. 604-605]) we find that each blow-up increases 6^ by 1 and b^ 
by b^{E) = 2g{ci) = 6 (cf. [Ko, p. 154]), so b'^{W) = 4 and b^{W) = 24. 
Recall that d{W) = 3, so the sublattice Li of the K3 lattice corresponding 
to the embedding of an anticanonical K3 divisor in W has rank ri = 1. 

As we noted earlier, the proof of Theorem 5.3 depends only on the prop- 
erties of the induced sublattices of the K3 lattice and since in the present 
case ri < 10 the result of Theorem 5.6(a) (b) extends as follows. 

Proposition 6.1. Let W2 be a compact threefold of Fano type or non- 
symplectic type and L2 the corresponding sublattice of the K3 lattice with 
r2 = rkL2 as defined in §5. // W2 is of Fano type V2 with 6^(V2) < 9 or 
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W2 is of non-symplectic type {r2, 0-2,62) with r2 + 02 < 18, then a compact 
irreducible G2 -manifold M can be constructed from W2 and W with 

\^5 + r2-a2, |^96-r2-3a2, 

where the top row corresponds to W2 of Fano type and the bottom row to 
non-symplectic type. 

Remark. It is well-known that every Fano threefold V2 with b'^{V2) > 6 
is biholomorphic to the product of CP^ and del Pezzo surface of degree 
11 - b\V2) (e.g. [IP]). 

As in Theorem 5.6 before, we have n = and ^2 even. Since in the present 
case diW) is odd, the resulting G2-manifolds have odd b'^{M) and even b^. 
The Betti numbers of the G2-manifolds obtainable from Proposition 6.1 are: 

52 = 3, 6^ = 70, ... , 108, 114, 116, 158, 
6^ = 5, 6^ = 64, 68, 72, 76, 80, 84, 88, 92, 
52 = 7, 53 = 66, 70, 74, 78, 82, 86, 90, 94, 
52 = 9, 53 ^ 68, 72, 76, 80, 84, 
52 = 11^ 53 ^ 70,74,78,82, 
52 = 13, 53 ^ 76, 80, 84, 
62 = 15, ^3 = 74, 78, 82, 86, 
62 = 17, 6^ = 76 

There arc 57 pairs, 10 of these overlap with the pairs (6^, 6^) given in [Jo2, 
Fig. 11.1]. Curiously, the overlaps occur only when 1^2 is of Fano type V2 
with b^{V2) - K^^ a multiple of 4. 



6.3. Examples with large rkLi and rkL2 = 1. Finally, here are some 
new examples of G2-manifolds with 'larger' values of 6^. Note that 
L(18,0,0) ~ 2{-E8) (B H, and L(17,l,l) ~ 2{-E8) © 1(2), where 1(2) 
is Z • e with e • e = 2. Thus L(18, 0, 0) and L{17, 1, 1) can be primitively 
embedded in 2(— £■§) H and the direct sum of either of these and an even 
lattice L2 of rank one can be primitively embedded in 2(— i^g) © 2H. There 
are 17 appropriate choices of W2 of Fano type arising from 17 algebraic 
families of Fano threefolds V with b^{V) = 1 and one of non-symplectic 
type corresponding to the invariant lattice L(l, 1, 1) so that Theorem 5.3(a) 
applies. In addition, we can use the threefold defined in Example 2.7. This 
gives 38 instances of generalized connected sum, realizing, by calculation 
similar to that in Theorem 5.6(b)(c) and Proposition 6.1, simply-connected 
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G2-manifolds M with, respectively, 





'2 + ri 


- ai, 




'b\V2)-Kl^-ri-2,ar + 7l 


62(M) = < 


4 + ri 


- ai, 


h^{M) = < 


111 — r\ — 3ai, 




5 + ri 


- ai, 




96 — ri — 3ai . 



Here {r\,a\) is either (18,0) or (17, 1). We obtain 28 distinct pairs of Betti 
numbers: 

62 = 18, = 73, 75, 77, 81, 85, 87, 91, 97, 101, 105, 115, 157, 
62 = 20, = 75, 77, 79, 83, 87, 89, 91, 93, 99, 103, 107, 117, 159, (6.2) 
(6^6^) = (21,76), (22,93) and (23,78). 

For each value of 6^ in the above list, the respective values of b^, other than 
(62, 6^) = (18, 77), are larger than any of those appearing in [Jo2, Fig. 11.1]. 
Thus, to our knowledge, all of the examples of G2-manifolds (6.2), except 
possibly one, are new. 
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